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In distributed systems, transport phenomena coupled with chemical or metabolic reac-
tions are functions of space. A computational method is outlined to acquire unknown
system properties in distributed systems by problem inversion. Physical and chemical
properties are estimated simultaneously. The finite-volume discretization method formu-
lated in generalized curvilinear coordinates applied to inversion problem of arbitrarily
complex geometries. The direct solution approach of the reacting transport problem
through inexpensive acquisition of sensitivity information is presented. An inexact trust
region method improves the convergence rate of the large-scale transport and kinetic

inversion problem (TKIP). The case studies demonstrate a novel computational approach
for quantifying unknown transport properties, as well as reaction or metabolic constants.
Solutions to technological challenges is presented in computational fluid mechanics and
biotransport using mathematical programming techniques for inversion of distributed sys-
tems. � 2006 American Institute of Chemical Engineers AIChE J, 53: 381–396, 2007
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Introduction

Many chemical processes are characterized by strong cou-
pling between heat, mass- and momentum-transfer. Existing
parameter estimation techniques focus mostly on chemical-
kinetic mechanisms without spatial dependence or attention to
transport phenomena like convection and diffusion. Those tech-
niques rely on perfect mixing, which can often not be achieved
in the real processes. Moreover, in many biological systems
and safety critical applications, lumped system assumptions are
not always justified. Simplified chemical reaction kinetic mod-
els without regard to transport phenomena have limited predic-
tive power; thus, their extrapolation to larger reactor dimen-
sions or different configuration can become unreliable.

Parameter estimation in distributed systems involves computa-
tionally intensive models with partial-differential equation con-

straints (PDE). Recently, problem inversion for reaction mechanisms
in metallorganic vapor decomposition processes microelectronic
applications was studied.1 Prior research performed data assimi-
lation for air pollution and weather models.2–5 Inverse problems
aim at preventing excessive aerodynamic heating of space
vehicles during reentry into the earth’s atmosphere.6 Inversion
permits shape optimization in aerodynamic design or recon-
structs of tissue optical property maps from photon migration
experiments.7–11 Most of previous inversion problems have not
addressed reacting systems with coupled transport in complex
distributed domains.

This article proposes the simultaneous estimation of kinetic
and transport properties in chemically reactive systems with
spatial distribution. Physical experiments in complex geometry
will provide the experimental evidence to determine the appa-
rent reaction and transport mechanisms. The procedure to infer
unknown reaction and transport properties from distributed ex-
perimental data will be termed a transport and kinetic inversion
problem (TKIP).

Outline. The mathematical formulation for transport and
kinetic inversion is introduced in the Problem Formulation
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section. The finite volume method for the discretization of
partial differential equations in complex domains will be dis-
cussed in section three. Optimal transport and kinetic proper-
ties will be obtained by minimizing the least-squared error
sum between the distributed experimental measurements and
first-principles mathematical models. Robust and efficient
mathematical programming techniques specifically suited for
TKIP are introduced in the section mathematical solution ap-
proaches for TKIP. The applications and computational results
section demonstrates three advanced case studies: identifica-
tion of unknown metabolic reaction rates of therapeutic drugs
in human brain; identification of the nuclear heat generation
and transfer in safety-critical plutonium storage vessel; and
the dynamics of reaction kinetics and transport mechanics in
catalytic pellet reactor. The computational performance of
problem inversion section compares the performance of differ-
ent mathematical programming approaches for inversion prob-
lems. It also proposes second-order response surfaces to im-
prove the robustness and convergence rate of the inversion
problem. This article closes with significance and conclusions.

Problem Formulation

Problem inversion seeks to quantify chemical kinetic and
transport phenomena based on distributed experimental data,
such as concentration, flow velocity or temperature measure-
ments obtained at different spatial positions and instances of
time. The unknown coefficients in conservation of mass, spe-
cies and momentum are determined by least-square minimiza-
tion between data and first-principle mathematical models.
The confidence in the models’ parameters with respect to
given experimental data will be computed simultaneously as
an indicator of model quality.

A TKIP as shown in system (1, 2) has three elements: (i) ex-
perimental data, (ii) a first-principle mathematical model, and
(iii) a problem inversion algorithm. Given experimental data are
measurements of state variables f̂(x, t) at location x, and time t,
such as species concentrations, temperatures or flow-velocity
measurements. First principles mathematical models quantify
the distributed states f(x, t, y), in terms of unknown reaction
and transport properties y. The system of constraints (Eq. 2)
represent generically conservation laws for mass (f ¼ 1), mo-
mentum (f ¼ u), species (f ¼ C) or energy transfer (f ¼ H).
Their parameter set y, may include unknown properties related
to transport, such as diffusivity, porosity and permeability, as
well as reaction-kinetic parameters appearing in source terms
S. The mathematical programming algorithm determines the
optimal parameter set y by minimizing the weighted least-
squared error sum between the data and models.

System 1–2 introduces a mathematical program with par-
tial-differential equation constraints (PDE). Its objective func-
tion c(y), measures the cumulative weighted least-squared
error between the model f, and measurements f̂ in different
positions, xi at time ti. The covariance matrix F accounts for
measurement accuracy of experimental data.

min
y;f

cðyÞ¼ ðfðx; t;yÞ� f̂ðx; tÞÞTF�1ðfðx; t;yÞ� f̂ðx; tÞÞ (1)

s. t.

qðrfÞ
qt

þrrð~ufÞ¼rðGrfÞþSðx;y;fÞ (2)

A direct analytical solution of 1–2 is not possible in general.
Two main ideas will help solve this problem numerically: Dis-
cretization of the transport equations using the finite-volume
approach and efficient and robust mathematical programming
algorithms that take advantage of response surfaces to quan-
tify parameter sensitivity.

Mathematical Treatment of the Transport
Equations

This section discusses the discretization of the transport
equations and introduces curvilinear coordinate transforma-
tions to express conservation laws in arbitrarily complex prob-
lem domains.

Discretization of transport equations
in generalized coordinates

The solution of the nonlinear optimization problem requires
the discretization of the PDE constraints in (Eq. 2). We rec-
ommend the finite volume approach, because the same discre-
tization scheme applies readily to heat, mass- and momentum-
transfer.12,13 In addition, it ensures integral mass conservation;
this property is harder to enforce in finite differences or finite
elements. The finite volume method divides the problem do-
main into a computational mesh composed of a discrete set of
balance envelopes. Integration of the conservation laws over
each volume renders a set of algebraic-balance equations to
replace the continuous PDE constraints. Before deriving
finite-volume balances, generalized curvilinear coordinate
transformations need to be introduced.

Generalized Coordinates. Chemical and biological proc-
esses often occur in domains with complex boundaries for which
Cartesian meshes do not apply.12,14 Generalized curvilinear
coordinate transformations permit the accurate solution of trans-
port problems in arbitrarily shaped problem domains. The coor-
dinate transformation converts distorted shapes in physical space
into orthogonal balance envelopes so that volume integrals can
easily be solved numerically. The metrics of this transformation
xx, xg, yx and yg can easily be computed locally on each grid cell
as shown in Figure 1. The determinant of the inverse Jacobian
j|�1j of each volume is given by j|�1j ¼ xxyg � xgyx. The met-
rics of transformation help balance the diffusive and convec-
tive-transport properties (f) over an arbitrarily shaped domain
of finite volumes. For example, the finite volume balance of a
two-dimensional (2-D)-diffusion equation can be expressed in
generalized coordinate system (x, g) as described in Eq. 3.
Transformed equations for relevant transport problems are
given in the Appendix A.
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Finite Volume Method. The coordinate transformation ren-
ders rectangular balance envelopes even for irregular shapes in
the physical domain. Consequently, the conservation balances
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for the transport quantity f, expressed in Eq. 3 can be inte-
grated under proper profile assumptions along the orthogonal
x- and g- directions. Volume integration over each grid cell
yields algebraic expression for the property f, as given in
Eq. 4.15 The system of Eq. 4 expressed in generalized curvilin-
ear coordinates represents the discrete finite volume balances
instead of the continuous PDEs in (2). The algebraic system
h(f, y) depends on the state variables f, and the parameters y,
which in turn may include unknown-transport coefficients G,
and reaction constants k, in source terms S. The mathematical
equations for different transport problems are given in Table B1
of Appendix B.

hðx;f; yÞ ¼ apðx; yÞ � fp � �anbðx; yÞ � fnb � Sðx;f; yÞ � j|�1j
¼ 0 8 volume y ¼ fG; kg ð4Þ

The discretization of the PDE constraints as well as the
boundary conditions renders the TKIP a large-scale nonlinear-
optimization problem (NLP). To solve this NLP, we propose a
reduced space optimization with the inexact trust region
method.

Direct Solution Approach. The classical finite volume me-
thods use the Simple algorithm which elegantly solves the in-
compressible Navier-Stokes equations by fixed point itera-
tion.13 In coupled transport and reaction problems, ensuring the
convergence of fixed-point methods is problematic. In reacting-
flow systems, even extreme under-relaxation does not guaran-
tee convergence. Moreover, existing relaxation methods do not
yield gradient and sensitivity information required in large-
scale inversion problems. Instead, we advocate the direct solu-
tion approach of the transport problem as proposed by Khi-
nast.16 In addition to increased robustness, direct solution per-
mits the computation of sensitivity information with the help of
response surface approximations as discussed next.17–19

Sensitivity information response maps
and parametric sensitivity

The numerical solution of the large-scale TKIP with gradi-
ent-based algorithms, requires expressions for state variable
dependence with respect to each parameter qf

qy, in each itera-
tion. We will show how the sensitivity terms qf

qy, needed can

be obtained by solving a linear algebraic problem. There are
two approaches to obtain the sensitivity equations for partial-
differential equation constraints. One is to differentiate the
original PDEs by the chain rule, and then discretize the sensi-
tivity equations (PDE form) using finite volume approach on
the same grid. The other one directly differentiates the discre-
tized state variables with respect to each parameter. Both
methods yield the similar results with static computational
grids. The second method provides mathematically consistent
derivatives for optimization algorithm. In this article, the sen-
sitivity equations are directly obtained from the discretized
form of original equations. The analytical derivative of the
sensitivity equation is given in Eq. 5, with the help of
the chain rule.20,21 The complete sensitivity information for
the TKIP is composed of M � N sensitivity equations, where
M is the total number of unknown state variables of transport
equation, and N is the number of optimization parameters.

XM
i¼1

qh
qfi

�����
y;f

qfi

qyj
þ qh
qyj

�����
y;f

¼ 0 j ¼ 1; . . . ;N (5)

The unknown sensitivity variables, qf
qyj

¼ ryjf, can be exp-
ressed in matrix form as a linear algebraic problem given in
Eq. 6.

rfh � ryjf ¼ �ryj h j ¼ 1 . . .N (6)

The M � M dimensional matrix!fh contains the derivatives of
the transport equations with respect to the state variables. The
righthand side vector �!yjh, represents the partial derivatives of
transport equations according to parameters. The same derivative
matrix !fh also appears in the transport problem when solving
with Newton’s methods. Thus, the state Jacobian matrix !fh
has to be factorized once to obtain the sensitivity information.
For the discretized PDE constraints, special solvers like LU
decomposition can compute sensitivity information easily by lin-
ear algebraic operations (LU-Backsubstitution). The implemen-
tation of case studies did not reuse the factorization of the state
Jacobian, !fh, because an iterative matrix-free Newton-Krylov
method22 is applied to solve linear algebraic equations.

Adjoint variables offer an alternative method for reducing
the computational expense of computing gradients.23 Adjoint

Figure 1. An arbitrary balance envelope in the physical (a), and the generalized coordinate space (b).

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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methods are advantageous for problems with a large number
of unknown parameters. However, when there are relatively
few optimization parameters, sensitivity maps describing the
influence of the design parameters on the states of the trans-
port systems are more attractive. Furthermore, sensitivity
maps provide a way to quantify the statistical information of
the optimal parameters from experimental data.

The next section introduces a robust mathematical program-
ming formulation for the solution of large-scale TKIPs.

Mathematical Solution Approaches for TKIP

After discretizing the PDE constraints, the transport and ki-
netic inversion (TKIP) problem of distributed systems and its
boundary conditions can reformulated as shown in Eqs. 7 and
8. This nonlinear program is hard to solve because of its size
and the coupling between the algebraic equations resulting
from spatial discretization of the partial-differential equations.

min
y;f

cðyÞ¼ ðfðx; t;yÞ� f̂ðx; tÞÞTF�1ðfðx; t;yÞ� f̂ðx; tÞÞ (7)

s. t.

hðf;yÞ¼ 0 (8)

A specific challenge in inversion problem of distributed sys-
tem arises from the iterative improvement of the parameter set
y. Large parameter corrections may transcend physically mean-
ingful ranges, causing divergence of the overall procedures. To
circumvent convergence problems, we propose an inexact trust
region method with the following advantages: (i) the parameter
set is bounded in each iteration; (ii) first and second response
maps provide the necessary gradient and Hessian information,
and (iii) sparse matrix implementations permit a very efficient

treatment of the large-scale equality constraints stemming from
the discretized-transport phenomena.

We will propose a reduced space search in which a trans-
port problem is solved in each optimization loop as outlined
in Figure 2. We will show that our solution approach will iter-
ate over a sequence of optimization problems with largely
reduced number of optimization variables. In each iteration,
the global error surface is approximated by a multivariable
Taylor expansion of the state variables f, with respect to the
parameters y. This approximation incurs linear subproblems
when using first-order sensitivity information, or quadratic
problem with second-order response maps. More detailed in-
formation can be found elsewhere.24 Alternatively, we have
tested a simultaneous full-space solution with trust region,
SQP or rSQP method.25–27 In addition, we propose the advant-
age of using inexact methods to speed TKIP convergence.
The inexact evaluation of the system and its sensitivity infor-
mation will be obtained by a matrix-free Newton-Krylov
method22 and is discussed next.

Implementation: Inexact trust region method

The trust-region method is a gradient-based nonlinear opti-
mization algorithm with step-size control. It chooses the search
direction as a combination of the Newton and the steepest
descent directions as shown in Figure 3a. This combination

Figure 2. Overall flowsheet of solving TKIP in reduced
parameter space and sensitivity maps.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 3. Trust region method with exact and inexact in-
formation of the steepest descent and Newton
directions.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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affords it the crucial advantage that it can be applied even
when the Jacobian and Hessian matrices are singular or near
singular. This feature is important in many ill-conditioned
transport and kinetic inversion problems. Its name ‘‘trust
region’’ derives from the concept of a user-defined scalar that
is, g. It measures the maximum permissible change in parame-
ter estimation updates (kDyk�g) from one iteration to another.

However, it is not necessary to solve the large-scale discre-
tized PDEs constraints and their derivative information
exactly when far away from the final solution. An inexact
implementation of the trust region method is proposed to
accelerate the computational approach, while maintaining the
robustness of the trust region method. Suppose that PDEs con-
straints (2) of TKIP are not solved exactly, but only approxi-

mations of the node ~f, and sensitivity information q~f
qy,

are computed as shown in Figure 3b. The inexact trust region
method could be formulated as Eqs. 9 and 10.

min
Dy

~cðx; yk þ DyÞ ¼ ~fðx; ykÞ þ ~JðykÞ � Dy� f̂ðxÞ
� �2

(9)

s. t.

kDyk � g (10)

The proposed inexact trust region method uses approxima-
tion for the state f̂, and the sensitivity ~J ¼ q~f

qy, but is otherwise
identical to the traditional trust region method.

What are the accuracy requirements on evaluations of func-
tions and derivative information? To keep the strong global
convergence for the inexact trust region method, the relative
error of the Jacobian ~J, has to be bounded in each iteration.
Some researchers have shown global convergence of the inex-
act trust region algorithm provided that the relative gradient
error satisfies Eq. 1128,29

kekk
kgkk � z (11)

The expression kekk is the norm of residual errors of the dis-
cretized transport and sensitivity functions in each iteration.
The scalar kgkk, represents the first-order derivative of the
least-square objective function, which is ðfðx; ykÞ � f̂ðxÞÞT ~J.
The user-specified constant z has a typical value 0.8.28 The in-
formation flow for the inexact trust region method is summar-
ized in Table 1. The first step calculates the residual error and
sensitivity of the functions according to inexact error control.
Then, we calculate the steepest descent direction Dysd, Cauchy
point with optimal acceleration b and Gauss-Newton step.
The second step determines a suitable direction by comparing
the trust region radius with length of the Cauchy step and
Gauss-Newton step. The third step performs the variable and
functions update. If the new residual error is not reduced
c(yk+1) > c(yk), we can do line search and update the trust
region radius g. If the total residual error decreases c(yk+1) <
c(yk), there are three alternatives for choosing a new trust region
radius g. The choice of doubling, halving or retaining the current
radius is determined as a function of the actual and predicted
error reduction. These properties and linesearch guarantee the
global convergence of the inexact trust region method.30,31

The next section will serve as motivating examples for
TKIP. Their solution also demonstrates current capabilities of
computer based methods. The first problem introduces an
image reconstruction problem. It will demonstrate how to

quantify metabolic activity of neurotransmitter and drug trans-
port in the human brain from medical images. Second, the re-
covery of the thermal properties in Plutonium oxide storage
vessel involves a 2-D inversion problem with reaction, con-
vection and radiation. The third problem solves for the kinetic
rates and diffusivities in a catalytic pellet reactor. The cata-
lytic reactor is a dynamic distributed inversion problem with
multiple-length scales.

Applications and Computational Results

In this section, we will present three case studies to demon-
strate optimization algorithms to extract the optimal parame-
ters from distributed experimental data. The detailed geome-
try, computational grid and boundary conditions of each case
study can be found in Table C1 in Appendix C. In this article,
the number of finite volumes is fixed and obtained from repet-
itive simulations until the results of simulation did not depend
on the number of grid elements.

Discovery of cerebral transport and metabolic
reaction properties

Novel high-resolution imaging techniques, such as functional
magnetic resonance imaging (fMRI), diffusion tensor imaging
(DTI), and positron emission tomography (PET), have improved
medical diagnosis. Unfortunately, existing imaging techniques
are mainly used qualitatively for diagnosis. We propose to
recover quantitative information, such as transport or metabolic
reaction properties of a drug from these advanced images.

The simultaneous identification of metabolic and transport
properties from medical images has not been reported in the
literature before. As an example considers dopamine a neuro-
transmitter responsible for regulating a metabolic cascade to
control critical cognitive functions. Figure 4 depicts the sim-
plified metabolic pathway for fluorescent Fdopa from the
blood circulation (plasma) into the brain tissue obtained in
vivo.32 Following injection into the blood circulation, Fdopa
diffuses from the blood into the brain according to rate of
blood-tissue clearance K1, and back into the blood with a rela-
tive rate of tissue-blood clearance k2. Fdopa can form methyl-

Table 1. The algorithm of Inexact Trust Region Method

Give initial guesses for the unknown parameters, y0, and trust region
radius g ¼ 0.4

Do:
Solve the distributed model Eq. 5 and its sensitivity
equation Eq. 6 inexactly.

Calculate Dŷsd , b and DŷN , where b ¼ kDŷsdk
kJ�DŷsdkRepeat:

if: g � bkDŷsdk, then: Dŷ ¼ gDŷsd/kDŷsdk ‘‘Cauchy
point outside trust region’’

Else if: g � kDŷNk, then: Dŷ ¼ DŷN . ‘‘Gauss-Newton
inside trust region radius’’

Else: kDŷNk < g < bkDŷsdk, then:
Dŷ ¼ gDŷN þ ð1� gÞbDŷsd , where g ¼ (g �
bkDŷsdk)/(kDŷNk � bkDŷsdk). ‘‘Trust region radius
between Cauchy point and Gauss-Newton point’’

End
Update yk þ 1 ¼ yk þ Dŷ.
Determine whether yk+1 is acceptable by checking whether
kc(yk þ 1)k < kc(yk)k, and calculated a new value of g.

Until yk þ 1 is an acceptable next point.
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Fdopa which also traverse between the vascular system and the
brain. Finally, residual Fdopa can be cleared into cerebrospinal
fluid from where it returns to the venous circulation.

In this article, a simplified diffusion-clearance model is pre-
sented to quantify the transport and clearance of Fdopa in the
brain tissue and in blood circulation using TKIP. The distribution
of radiolabeled Fdopa can be measured with positron emission
tomography (PET) in vivo.32 The color intensity of the PET
image reveals Fdopa distribution in the midbrain as depicted in
Figure 5a in a horizontal cut of the human brain. The aim of the
TKIP approach is to quantify the rate of tissue to blood clearance
k2, and blood to tissue clearance parameter K1, of Fdopa and
methyl-Fdopa. In addition, the diffusivities DD, DM, will be de-
termined. The extravascular concentration of Fdopa in the brain
tissue in the absence of metabolism is determined by Eq. 13.
The extravascular concentration of methyl-Fdopa is determined
by Eq. 14. The TKIP for the diffusion-clearance model of
F-DOPA can be formulated as given in system (Eqs. 12–14).

min
D;K1;k2;C

cðD;K1;k2Þ¼ CðxÞ� ĈðxÞ� �T
F�1 CðxÞ� ĈðxÞ� �

(12)

s. t.

rðDDrCDÞ¼K1Ca� k2CD Fdopa clearance (13)

rðDMrCMÞ ¼ kK1Cm � kk2CM methyl� Fdopa clearance

(14)

In Eq. 14, k denotes the ratio rate of blood-tissue clearance.
An accurate computational grid was constructed from the PET

image depicted in Figure 5a using image reconstruction tools.
The resulting unstructured computational grid is shown in
Figure 5b. By interpreting the concentration profiles obtained
in vivo, Ĉ, the pixel color intensities were converted to con-
centration. The TKIP problem of Eqs. 12–14, was solved in
generalized curvilinear coordinates on a Pentium IV 1.60 GHz
with 1GB RAM, that required 2.3 min of CPU time. Figure 5c
depicts the concentration field predicted for the optimal pa-
rameters set as shown in Table 2. While this case study used a
simplified reaction network, it demonstrated the enormous
potential of discovering metabolic and transport phenomena
from medical images.

The next section introduces a thermal inversion problem in
a Plutonium storage vessel.

Plutonium oxide storage tank

Plutonium waste needs to be stored in cylindrical containers
for more than twenty years before final disposal. Due to nuclear
decay, heat and gaseous by-products like Helium, are being gen-
erated causing a temperature and pressure rise in the container
leading to risk of leakage and contamination. Risk analysis of
this distributed system cannot be conducted in simplified bench-
mark experiments due to danger in material handling. Conse-
quently, the coupled reaction and transport mechanisms have to
be studied simultaneously inside the distributed cylindrical ves-
sel. In addition, only limited temperature measurements as shown
in Figure 6a, are available to quantify the unknown system prop-
erties, such as heat conduction, radiative-heat transfer and reac-
tive-gas formation.33–36 Problem inversion will extract unknown
nuclear activity and transport parameters to assess the worst case
temperatures in the storage vessel as shown in Figure 6a.

For discovering the heat source and heat transfer of PuO2

tank, the inversion problem minimizes the least-squares errors
between temperature measurements and model predictions as
shown in Eqs. 15 and 16.

min
q;keff ;ho;T

cðyÞ ¼ ½Tðr; zÞ � T̂ðr; zÞ�TF�1½Tðr; zÞ � T̂ðr; zÞ�

y ¼ fq; keff ; hog ð15Þ

Figure 4. Pathway of Fdopa in the plasma circulation
and brain tissue.

Figure 5. Results of solving TKIP for Fdopa distribution in human brain.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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s. t.
hðT; q; kÞ ¼ rðarTÞ þ qj|�1j ¼ 0 (16)

where a is the effective thermal conductivity, a ¼ keff þ 16
3

s
aR
T3;

s is the Stefan-Boltzmann constant, and aR is the Rosseland
mean absorption as shown in Table 3; q is the nuclear heat
generation. The inversion problem Eqs. 15 and 16 with the heat
and radiation equation was solved by proposed methodology.
Figure 6b shows 2-D temperature distributions in plutonium
storage tank, corresponding to the optimal parameters, q ¼
5383.2; keff ¼ 2.1; ho ¼ 8.7. The worst case temperature lies on
the main axis in the lower-part of the cylinder. Figure 6c de-
scribes the temperature profile along with the radius in different
heights of vessel.

Risk analysis involves the identification of the worst case
performance scenarios due to the uncertainty in the estimated
parameter. The sensitivity information obtained during inver-
sion problem permits the calculation of the probabilistic pa-
rameter ranges. Specially, we can construct Individual Confi-
dence Region (ICR) and Joint Confidence Region (JCR) in the
uncertain parameter space for any desired confidence level.
Exact joint probability density functions can be obtained by
the likelihood or lack-of-fit methods;37 we propose linearized
simpler ideas of ICR and JCR for computational economy.
Eqs. 17–19 introduce the steps for calculating the covariance
matrix Fŷ. However, ICR and JCR are only approximation in
the nonlinear case.37–39 The covariance matrix Fŷ, helps ap-
proximate probability density functions for uncertain parame-
ter realizations. In flexible design, it is necessary to limit the
range of relevant parameter variations. A finite range of possi-
ble parameter realization can be determined according to a

chosen risk tolerance. The scalar confidence or a-level defines
a cut-off point outside which the risk associated with highly
unlikely parameter realization is deemed tolerable. After spec-
ifying appropriate confidence levels (like a ¼ 0.99), Eq. 18
delineates an Individual Confidence Region for each parameter
Yj, according to its variance Fjj, and the outcome of a student
t-distribution. Similarly, Joint Confidence Region for the pa-
rameters can be constructed according to Eq. 19. The joint
confidence region has the advantage of accounting for cross-
correlation among uncertain variables

Fŷ � s2
�
JðŷÞTJðŷÞ��1 ¼

s11 . . . s1m
..
. . .

. ..
.

sm1 . . . smm

0
B@

1
CAwhere s2 ¼ eTe

n� p

(17)

jyj � ŷjj � F
1=2
jj tN�M;1�a=2 (18)

ðy� ŷÞTF�1

ŷ
ðy� ŷÞ � p � FN;M�N;1�a (19)

The variance-covariance matrix of three estimated parame-
ters, heat source q, effective thermal conductivity coefficient
keff, and heat-transfer coefficient ho, introduced earlier, is
given in Eq. 20

Fŷ ¼
35:9 3:82 3:38
3:82 0:55 0:25
3:38 0:25 0:44

2
4

3
5 (20)

Accordingly, the individual variances for each parameter are
the diagonal elements s11

2 ¼ 35.9, s22
2 ¼ 0.55 and s33

2 ¼ 0.44.
There is cross-covariance between the heat source and the heat-
transfer coefficient according to the value of s13 ¼ 3.38. The
correlation is not a surprise as both thermal properties are esti-
mated from temperature measurements. Accordingly, the heat
source, effective thermal-conductivity coefficient and the heat-
transfer coefficient vary between q ¼ 5383.2 6 8.4; k ¼ 2.1
6 0.47; ho ¼ 8.7 6 0.36. Figure 7 depicts the 3-D visualization
of the ellipsoidal-joint confidence region for a confidence level
of 99.999%.

Figure 6. Temperature distribution with optimal parameters, q = 5383.2; keff = 2.1; ho = 8.7 obtained by problem inver-
sion of temperature measurement collected at five locations 5.7 cm from the bottom of the container.

[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Table 2. Optimal Properties of Fdopa in Human Brain

Parameters Optimal Value

Diffusivity of Fdopa, DD 0.11 � 10�6 cm2 �s�1

Diffusivity of methyl-Fdopa, DM 0.15 � 10�6 cm2 �s�1

Blood-tissue clearance of Fdopa, k2 0.0042 s�1

Tissue-blood clearance of Fdopa, K1 0.0009 s�1

k Set at 0.43
[Gjedde et al., 1991]

AIChE Journal February 2007 Vol. 53, No. 2 Published on behalf of the AIChE DOI 10.1002/aic 387



The plutonium storage could be analyzed at steady state
due to slow changes of the system properties. However, dy-
namics are important in fast processes, such as heterogeneous
catalysis. In the next section, we will recover the transport and
reaction properties in the steady and dynamic catalytic pellet
reactor using the steady- and time-dependent observations.

Catalytic pellet reactor

The aim of this case study is to determine the reaction rate
in catalyst pellets, diffusion and activation energy, as well as
the resulting composition and temperature profile in the plug-
flow reactor. The heterogeneous overall reaction stochiometry
is given in Eq. 21. The TKIP will be solved for the steady and
dynamic cases.

A�����!Catalyst

DH
B (21)

2-D reactor model with porous catalyst packing

The species and heat balance in axial and radial direction
for a cylindrical control volume of the catalytic reactor filled
with pellet packing as shown in Figure 8 are given in Eqs. 22
and 23.

rð~uCAÞ ¼ rðDArCAÞ þ rAj|�1j (22)

rgCprð~uTÞ ¼ rðkerTÞ þ rADHj|�1j (23)

where rA is the overall rate of reaction within the catalyst per
unit mass of catalyst. Since the catalytic pellet reactor is filled
with small catalytic pellets, the reactor content can be treated

as porous material. The momentum transfer in the pellet reac-
tor is approximated by Darcy’s law as given in Eq. 24.

�rP ¼ m
km

~u (24)

The reactions in the bulk are coupled with the kinetics and
mass transfer of the porous pellets via the effectiveness factor
g. The effectiveness factor accounts for mass transfer and
reaction inside the pellet expresses the overall reaction rate in
terms of the surface concentration and pellet surface tempera-
ture. The expression of rate of reaction has been expressed by
Arrhenius equation as shown in Eq. 25.

rA ¼ �gSakref exp � E

RTref

Tref
T

� 1

8>: 9>;� �
CA (25)

Sa is the internal surface area of the pellet. The external
effectiveness factor g relate the actual conversion in the pel-
let to a homogenous reference.40 All constants are listed in
Table 4. The effectiveness factor links the bulk conversion
of reactant to the transport and catalytical reactions inside
the pellet.

Catalytic Pellet Model. The catalytic pellets can be treated
as a porous media with coupled reaction and heat transfer. The
reactions in the pellet are assumed to be fast enough to justify
steady-state assumption for the pellets. The fully coupled non-

Figure 8. Multiple length scale of a catalytic pellet reac-
tor (a), and measurements (b), to determine
reaction, mass- and heat-transfer properties.

[Color figure can be viewed in the online issue, which is
available at www.interscience. wiley.com.]

Table 3. Physical Properties of the Plutonium Storage Vessel

� Radius (Rb) ¼ 0.057 m
� Length (Lb) ¼ 0.188 m
� The height at which the radial temperatures are measured

¼ 0.057 m
� s ¼ 5.67 � 10�8

� aR ¼ 8000
� Ta ¼ 301.7 K

Figure 7. Joint confidence region for the parameters,
heat source q, effective thermal-conductivity
coefficient keff, and heat-transfer coefficient
ho, according to a confidence level of 99.999%.
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isothermal concentration profile inside the pellet can be ex-
pressed in dimensionless form as Eq. 26, with boundary
conditions (27):

d2 ~CA

dR2
þ 2

R

d ~CA

dR
� F2 ~CA exp gb

1� ~CA

1þ bð1� ~CAÞ

8>>>:
9>>>; ¼ 0 (26)

~CA ¼ 1 and
d ~CA

dR
jR¼0 ¼ 0 (27)

These dimensionless variables represent the Thiele modu-
lus F2 ¼ R2

0
k0

De
, the species concentration ~CA ¼ CA

C0
, radius

R ¼ r
R0
, activation energy g ¼ E

RgT0
and heat generation b ¼

C0DHDe

keT0
.41,42 When the mass-and heat-transfer resistance across

the boundary layer is small, the bulk and surface conditions
are the same. Then, C0 and T0 are taken to be the concentra-
tion of reactant and temperature on the surface of the pellet.
Eq. 27 shows that reactant concentration and temperature at
pellet surface are equal to bulk flow. At the center of the pel-
let, there is no mass and heat flux d ~CA

dR ¼ 0. The orthogonal col-
location on finite elements is employed to solve for ~CA in
each volume.43 Figure 9 displays the dimensionless-concentra-
tion distribution in catalytic pellets.

Inversion of Kinetic Experiments. The concentrations of
reactants are measured at inlet and outlet of the reactor. Tem-
peratures are easily obtained at different locations along the
reactor. With measured inlet and outlet concentration, and the
temperatures inside the reactor the diffusivity of reactor DAB,
reaction constant kref, and activation energy E, were deter-
mined according to the inversion problem (Eq. 27).

min
DAB;kref ;Ea;C;T

cðyÞ ¼ C
T

� �
� Ĉ

T̂

� �8>>: 9>>;T

F�1 C
T

� �
� Ĉ

T̂

� �8>>: 9>>;
(28)

s. t. Eqs. 22–26

The optimal parameters were found to be DAB ¼ 1.28 6
0.16 � 10�5 (m2/s); kref ¼ 9.14 6 0.38 � 10�5 (1/s); and E ¼
5281 6 35.9 (J/mol). In this case, we are able to predict the
concentration distribution from the temperature distribution.
Figure 10 illustrates the convergence paths for the diffusivity
and reaction parameters from two different initial guesses.
Multiple solutions occur frequently in kinetic inversion prob-
lems, when the experimental measurements have errors. In the
case studies, measurement error had a variance of 5%. It is a
considerable challenge to identify the true solution from the
multiple local optima. A naı̈ve approach would always declare
the global minimum as the true solution. However, this global
residual error minimum is not guaranteed to be physically bet-
ter than other local minima.24

Dynamic Analysis. We also use the dynamic data to analy-
sis transient performance of pellet reactor. We inverted the
dynamic data obtained in response to a concentration step
change as listed in Table 5. Figure 11 displays the dynamic evo-
lution of concentration and temperature profiles with respect to
time. We also expect much better accuracy in temperature de-
pendent data for the activation energy E than ones from steady-
state data. This case study demonstrates that our proposed meth-
odology is capable of solving dynamic inversion problem.

Figure 9. Concentration profiles of catalytic pellet
solved by the orthogonal collocation on finite
elements with different dimensionless acti-
vation energies (c = E/RgT0).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Table 4. Physical Properties of the Catalytic Pellet Reactor

Physical Properties of the Pellet

e ¼ 0.4 (porosity)
De ¼ 5.2 � 10�6 m2/s
R0 ¼ 0.003 m
rc ¼ 2.8 � 103 Kg/m3

Physical Properties of the Bed

eb ¼ 0.4
rb ¼ rc(1 � eb)
Physical Properties of the Inlet Gas

Cbo ¼ 1.6 mol/m3

Reaction Conditions

DH ¼ 97200 J/mol

Figure 10. Convergence trajectory of transport and ki-
netic inversion of the reactor dynamics.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Computational Performance
of Problem Inversion

The numerical solution of the TKIP poses a formidable
challenge. Several gradient-based optimization routines were
investigated for performance and robustness. The performance
results are summarized in Table 6. All solvers were implemented
in Pentium IV 1.60 GHz with 1GB RAM.

Simultaneous Solutions. For the solution of the nonlinear
programming, we tested the Trust Region solver (MIN-
PACK),44 SQP, rSQP45–47 to solve the problem simultane-
ously using analytical Jacobian information, as well as results
obtained by numerical differentiation. To comparison, the
implementation of the proposed algorithm had the same struc-
ture with Trust Region solver in MINPACK. We investigated
those methods for the direct full-size solution of the inversion
problem as described in system 1 and 2. Accordingly, the
unknown estimation parameters, and all state variables were
open variables. For the reactor problem, the simultaneous pro-
gramming succeeded with analytical Jacobians, but failed of-
ten with numerically differentiated derivative information. All
computational results were obtained in less than thirty itera-
tions. The solution of the transport equations and their sensi-
tivity equations in each iteration consumes the largest amount
of computational time. For problems with many parameters,
the numbers of first and second sensitivity equations increases.
In those cases, adjoint methods might be considered.

Reduced Space Solutions. Trust region and inexact trust
region are used to solve for TKIP. We found the proposed
inexact trust region method to be robust as long as analytical
derivatives were used to obtain the sensitivity information. Its
performance was reasonable and compared with other meth-
ods. We did not find significant performance difference
between the full and the reduced space approaches.

Second-Order Sensitivity Information. Numerical optimi-
zation methods requiring Hessian information often circum-
vent second-order numerical differentiation by updating clev-
erly first-order sensitivity information, BFGS update. How-
ever, secant-based Hessian approximations can lead to failure
of transport and kinetic inversion problem. On the other hand,
the relatively simple problem structure and the sparsity pattern
of transport equations stemming from the finite volume discre-
tization makes analytical approaches to acquire second-order
sensitivity information attractive.4,48 We propose to exploit

second-order information for improving the robustness and
convergence of the inexact trust-region method. Given first-
order sensitivity information as shown in the Mathematical
Treatment of the Transport Equations section, second-order
expressions

q2fi

qyiqyj
, can be calculated by differentiating Eq. 5

with the chain rule to obtain Eq. 29.

rfh � ryiryjf ¼ �½rfrfh � ryjfþrfryj h� � ryif
�rfryi h � ryjf�ryiryj h ð29Þ

The second-order sensitivity information H ¼ q2fi

qyiqyj
, can be

calculated by solving N � N � M linear algebraic equations
in Eq 29. Then, the trust region method can be augmented
with additional second-order term according to Eqs. 30 and 31

min
Dy

~cðx; yk þ DyÞ

¼ ~fðx; ykÞ þ ~JDyþ 1

2
DyT ~HDy� f̂ðxÞ

8>: 9>;2

ð30Þ
s. t. kDyk � g (31)

Computational results with second-order sensitivity

We tested the second-order trust region method for the cata-
lytic-pellet reactor. We found that the convergence still can be

Figure 11. Evolution of concentration (a–d) and temper-
ature (e–h) fields varied with time.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Table 5. Dynamic Temperature Measurements
in the Catalytic Pellet Reactor

Time
(s)

Temperature (K)

r ¼ 0.375,
z ¼ 0.2

r ¼ 0.375,
z ¼ 0.56

r ¼ 0.375,
z ¼ 0.94

1 306.9 298.2 298.1
2 344.5 300.7 298.2
4 390.6 307.6 298.9
6 465.3 324.5 302.6
9 568.5 356.8 313.3
15 663.8 401.0 329.4
23 715.8 438.0 342.6
40 729.2 451.8 347.8
78 730.7 453.7 348.7
100 730.7 453.7 348.7

r, dimensionless radius, z, dimensionless length from entrance.
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obtained even when the artificial white noise of experimental
data was 20%, while all algorithms with only first-order sensi-
tivity failed. Moreover, the minimum weight least-square error
increased from 0.657 to 4.759. This non-zero residual error
also demonstrated the needs of the second-order sensitivity in-
formation for sufficient numerical performance. The computa-
tion time of inversion problem with second-order sensitivity
information is 3 min longer due to additional cost for comput-
ing

q2fi

qyiqyj
by the N � N � M linear algebraic equations (Eq.

29). However, the overall computation time did not increase
dramatically due to application of inexact sparse solver and
the reduction of update steps. Moreover, in this preliminary
implementation, we did not exploit advantages in reusing the
factorization of the state Jacobian !fh. This additionally
expected features would further decrease the cost for con-
structing second-order response surfaces.

Conclusion and Significance

We have proposed a reliable numerical optimization ap-
proach to discover unknown diffusion and convection phenom-
ena as well as chemical reaction rates from observed concentra-
tion or/and temperature measurements in distributed systems.
The finite volume method was used to discretize the distrib-
uted-transport equations. The generalized coordinate transfor-
mation defined over unstructured grids enables problem inver-
sion for domain of arbitrarily complex shape. We propose an
inexact trust region mathematical programming method, and
first-or second-response maps to improve the robustness and
convergence of large-scale PDE optimization problems. Opti-
mal physical parameters were obtained in three different case
studies to demonstrate the efficiency of the proposed methodol-
ogy. The resulting optimization problem also handles large
problem sizes very effectively in terms of their time and space
complexity with the help of sparse matrix technique. The pro-
posed problem formulation searches in a reduced parameter
space; this feature will make problem inversion amenable ena-
ble to global terrain optimization algorithm.49 The global ter-
rain methods will help identify all solutions of the inversion
problem; this work is planned as future research.

Different mathematical programming approaches and their
strengths were assessed and compared for their suitability in
transport and kinetic inversion problems. We find the analyti-
cal techniques to acquire sensitivity information are necessary
for ensuring robust convergence of numerical algorithms. This
is especially important with noisy experimental data. The ki-
netic inversion problem in the transport distribution system for
human brain has not been reported so far. It is expected that
our results encourage the community to tackle the more dis-

tributed inversion problems in biology, chemical and nano sys-
tems.

It would be interesting to identify the global minimum for
TKIP using existing global approaches.50–55

Notation

ap,bp = transport coefficients at current volume
aE,aW,aN,aS
bE,bW,bN,bS

= east, west, north and south transport coefficients of the
neighbors of the current volume

BiM = Biot number for mass transfer
C = concentration of reactant, mol/m3

Ĉ = experimentally obtained concentration of reactant,
mol/m3

CD = Dopa concentration in the tissue, mol/m3

Ca = Dopa concentration in the blood system, mol/m3

CM = Methyl-Dopa concentration in the tissue, mol/m3

Cm = Methyl-Dopa concentration in the blood system, mol/m3

Cp = heat capacity of gas reactant, J/K
DAB= mass diffusion coefficient, m2/s

DD,DM = diffusion coefficients for Dopa and Methyl-Dopa, m2/s
E = Arrhenius activation energy, J/mol

kekk= norm of residual errors
F = variance – covariance matrix

kgkk= first-order derivative of the least square objective
function

h = heat transfer coefficient, J/(K�s�m2)
h(x, y, j) = set of equality constrains – set of transport equations

h0 = heat transfer coefficient at the walls of the plutonium tank,
J/(K�s�m2)

HD, HT = source term in the transport equations accounting for the
inclination of the faces in the balance envelope

|J�1| = determinant of the inverse Jacobian of the transformation
k = reaction constant, 1/s
K1= tissue clearance parameter, 1/s
k2 = rate of tissue to blood clearance, 1/s
ke = heat conductivity, J/(K�s)

keff = effective thermal conductivity of plutonium powder,
J/(K.s)

km = permeability, m2

kref = reaction constant at reference temperature, Tref ¼ 298.3 K
M = number of state variables
N = number of unknown parameters
q = heat source, W/m3

q1, q2, q3 = geometric auxiliary properties
r = radial position, m
R = scaled radius, m
Ro = pellet radius, m
rA = overall rate of reaction
S= source term
Sa = pellet internal surface area, m2/Kg
T = temperature, K
T̂ = experimentally obtained temperature, K
u= x-component velocity, m/s
v= y-component velocity, m/s
U = contravariant velocity, m/s
V = contravariant velocity, m/s

xx, yx, xg,yg = metrics of the transformation
z = length, m

Table 6. Comparison of Performance of Different Numerical Methods

CPU time

Simultaneous approach Reduced space approach

Trust region SQP rSQP Trust region Inexact trust region

FD A FD A FD A FD A FD A

Simultaneous
approach

Case 1 14.8 min 9.4 min 12.4 min 7.3 min 8.3 min 4.8 min Fail 3.1 min Fail 2.3 min
Case 2 21.8 min 11.8 min 18.8 min 9.8 min 12.5 min 6.8 min Fail 6.2 min Fail 5.7 min
Case 3 Fail 13.8 min Fail 10.2 min Fail 8.2 min Fail 7.9 min Fail 6.1 min

Note: FD: finite difference; A: Analytical.
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Greek letters
a = thermal conductivity that includes radiation
aR = Rosseland mean absorption coefficient
g = dimensionless variable in pellet equation
G = unknown transport coefficient e.g. diffusivity, viscosity, and

so on
DH = heat of reaction, J/mol

z= user specified constant
g = effectiveness factor
y = parameter set
k = ratio of blood-tissue clearance
m = viscosity, Kg/(m�s)

x, g = generalized curvilinear coordinates
r = density, Kg/m3

s = Stefan-Boltzmann constant
j = Scaled pellet concentration
F = thiele modulus
f = unknown transport quantities

f̂ = experimentally obtained transport quantities

c = error function

Subscripts
A = reaction substrate
b = bulk properties of the bed
D = Fdopa
g = reactant gas
M = methyl-Fdopa
nb = the neighbor volumes
p = current volume
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Appendix A: Derivation of Transport
Equations in Curvilinear Coordinates

Metrics of transformation. It is assumed that there is a
unique, single valued relationship between the generalized
and the physical coordinates as shown in Figure 1, which can
be written as:

x ¼ xðx; yÞ; g ¼ gðx; yÞ (A1)

and there exists also the inverse relationship.

x ¼ xðx; gÞ; y ¼ yðx; gÞ (A2)

Important transport terms can be expressed in different re-
ference frames, that is, first derivatives with respect to x, y
become:

q
qx

¼ yg
j|�1j

q
qx

� yx
j|�1j

q
qg

q
qy

¼ �xg
j|�1j

q
qx

þ xx
j|�1j

q
qg

(A3)

where j|�1j is the determinant of the inverse Jacobian, given
by j|�1j ¼ xxyg � xgyx.

Curvilinear coordinate transformation for convection–diffusion
species transport;

Equation 2 becomes with the help of Eq. A3.

r
qðUfÞ
qx

þ r
qðVfÞ
qg
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"
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qx
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� q2
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� �8>>: 9>>;
þ q
qg

G
q3
j|�1j

qf
qg

� q2
j|�1j

qf
qx

� �8>>: 9>>;
#
� j|�1jS ¼ 0 ðA4Þ

where U ¼ (uyg� vxg) and V ¼ (�uyx þ vxx), and

q1 ¼ x2g þ y2g

q2 ¼ xxxg þ yxyg

q3 ¼ x2x þ y2x

(A5)

The general formulation, Eq. A4, can be expressed for conti-
nuity, momentum, species and energy equations as:

f G S Transport equation in curvilinear coordinates

1 0 0
r
qðUfÞ
qx

þ r
qðVfÞ
qg

¼ 0
Continuity (A6)

u m �!x p
r
qðUuÞ
qx

þ r
qðVuÞ
qg

þ yg
qp
qx

� yx
qp
qg

8>>: 9>>;
� q

qx
m

q1
j|�1j

qu
qx

� q2
j|�1j

qu
qg

� �8>>: 9>>;þ q
qg

m
q3
j|�1j

qu
qg

� q2
j|�1j

qu
qx

� �8>>: 9>>;� �
¼ 0

u-momentum
equation (A7)

v m �!yp
r
qðUvÞ
qx

þ r
qðVvÞ
qg

þ �xg
qp
qx

þ xx
qp
qg

8>>: 9>>;
� q

qx
m

q1
j|�1j

qv
qx

� q2
j|�1j

qv
qg

� �8>>: 9>>;þ q
qg

m
q3
j|�1j

qv
qg

� q2
j|�1j

qv
qx

� �8>>: 9>>;� �
¼ 0

v-momentum
equation (A8)

C D r ¼ kcr

r
qðUCÞ
qx

þ r
qðVCÞ
qg

�
"
q
qx

D
q1
j|�1j

qC
qx

� q2
j|�1j

qC
qg

� �8>>: 9>>;
þ q
qg

D
q3
j|�1j

qC
qg

� q2
j|�1j

qC
qx

� �8>>: 9>>;� � j|�1jr ¼ 0

Species equation (A9)

T k Q qðUTÞ
qx

þ qðVTÞ
qg

�
"
q
qx

k
q1
j|�1j

qT
qx

� q2
j|�1j

qT
qg

� �8>>: 9>>;
þ q
qg

k
q3
j|�1j

qT
qg

� q2
j|�1j

qT
qx

� �8>>: 9>>;� � j|�1jQ ¼ 0

Energy equation (A10)
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Appendix B

The transport coefficients for the governing equations in
generalized curvilinear coordinates are given in Table B1.
When q2 ¼ 0 in orthogonal grids, the source term, Hr becomes
0. The indices, N, E, S, W, refer to the cells adjacent to the
control balance envelope, P (see Figure B1).

Appendix C
Discretized form of generalized equations
for each case study

Discovery of Cerebral Transport and Metabolic Reaction
Properties. This section provides more details on the prob-
lem equations for each case study. The equations for the
Fdopa and Methyl-Fdopa clearance are shown in Cartesian
form below:

q
qx

DD
qCD

qx

8>: 9>;þ q
qy

DD
qCD

qy

8>>: 9>>; ¼ K1Ca � k2CD (C1)

q
qx

DM
qCM

qx

8>: 9>;þ q
qy

DM
qCM

qy

8>>: 9>>; ¼ kK1Cm � kk2CM (C2)

Using the generalized curvilinear coordinates transforma-
tion as shown in Appendix A the Eqs. C1 and C2 are trans-
formed to Eqs. C3 and C4:

q
qx

DD
q1
j|�1j

qCD

qx
� q2
j|�1j

qCD

qg

� �8>>: 9>>;
þ q
qg

DD
q3
j|�1j

qCD

qg
� q2
j|�1j

qCD

qx

� �8>>: 9>>;
¼ j|�1jK1Ca � j|�1jk2CD ðC3Þ

q
qx

DM
q1
j|�1j

qCM

qx
� q2
j|�1j

qCM

qg

� �8>>: 9>>;
þ q
qg

DM
q3
j|�1j

qCM

qg
� q2
j|�1j

qCM

qx

� �8>>: 9>>;
¼ j|�1jkK1Cm � j|�1jkk2CM ðC4Þ

The finite volume discretization of C3 and C4 gives C5–C7
for the Fdopa clearance, and C8–C10 for the Methyl-Fdopa
clearance

aPCDP
� aECDE

� aWCDW
� aNCDN

� aSCDS
� HD ¼ 0 (C5)

aE ¼ DD
q1
j|�1j

�����
e

; aW ¼ DD
q1
j|�1j

�����
w

;

aN ¼ DD
q3
j|�1j

�����
n

; aS ¼ DD
q3
j|�1j

�����
s

;

aP ¼ aE þ aW þ aN þ aS; ðC6Þ

Figure B1. Control balance envelope of a finite volume
for a scalar transport quantity / (T, C, etc.).

The capital indices N, E, S, W, refer to cells adjacent to the
control envelop. The small indices n, e, s, w, refer to the
faces of the control envelop. [Color figure can be viewed in
the online issue, which is available at www. interscience.
wiley.com.]

Table B1. Discretization Coefficients with Upwinding in
Generalized Curvilinear Co-ordinates

aE ¼ G
q1

jJ�1j
����
e

þmaxð�rUje; 0Þ;

aW ¼ G
q1

jJ�1j
����
w

þmaxðrUjw; 0Þ; ðB1Þ

aN ¼ G
q3

jJ�1j
����
n

þmaxð�rVjn; 0Þ;

aS ¼ G
q3

jJ�1j
����
s

þmaxðrVjs; 0Þ; ðB2Þ

ap ¼ aE þ aW þ aN þ aS;

HT ¼ �G
q2

jJ�1j
qf
qZ

����
e

þ G
q2

jJ�1j
qf
qZ

����
w

� G
q2

jJ�1j
qf
qx

����
n

þ G
q2

jJ�1j
qf
qx

����
s

ðB3Þ

HD ¼ �DD
q2
j|�1j

qCD

qZ

�����
e

þ DD
q2
j|�1j

qCD

qZ

�����
w

� DD
q2
j|�1j

qCD

qx

�����
n

þ DD
q2
j|�1j

qCD

qx

�����
s

þ j|�1jK1Ca � j|�1jk2CD ðC7Þ
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bPCMP
� bECME

� bWCMW
� bNCMN

� bSCMS
� HM ¼ 0

(C8)

bE ¼ DM
q1
j|�1j

�����
e

; bW ¼ DM
q1
j|�1j

�����
w

;

bN ¼ DM
q3
j|�1j

�����
n

; bS ¼ DM
q3
j|�1j

�����
s

;

bP ¼ bE þ bW þ bN þ bS; ðC9Þ

HM ¼ �DM
q2
j|�1j

qCM

qg

�����
e

þ DM
q2
j|�1j

qCM

qg

�����
W

� DM
q2
j|�1j

qCM

qx

�����
n

þ DM
q2
j|�1j

qCM

qx

�����
s

þ j|�1jkK1Cm � j|�1jkk2CM ðC10Þ

Plutonium Oxide Storage Tank. The heat conduction
problem of Eq. 16 can be written in cylindrical coordinated as
in C11.

q
qr

ra
qT
qr

8>: 9>;þ r
q
qz

a
qT
qz

8>: 9>;þ qr ¼ 0; a ¼ k1 þ k2T
3 (C11)

Integrating C11 over one control volume delineated by
faces n, e, s, w gives:Z n

s

Z e

w

q
qr

ra
qT
qr

8>: 9>;þ r
q
qz

a
qT
qz

8>: 9>;� �
drdz

¼
Z n

s

Z e

w

½�qr�drdz; a ¼ k1 þ k2T
3 ðC12Þ

Solving the volume integral using proper profile assump-
tions yield:

ra
qT
qr

8>: 9>;
e
� ra

qT
qr

8>: 9>;
w

� �
½zn � zs� þ 1

2

�
r2e � r2w

	

� a
qT
qr

8>: 9>;
n
� a

qT
qr

8>: 9>;
s

� �
¼ �q

2

�
r2e � r2w

	½zn � zs� ðC13Þ

where, a is the effective thermal conductivity. Thus, the dis-
cretization of the Plutonium oxide storage tank leads to an
algebraic equation for each volume.

aPTP � aETE � aWTW � aNTN � aSTS � qDV ¼ 0 (C14)

the coefficients are given below

aE ¼ 1

Dr
rP þ 1

2
Dr

8>: 9>; k1 þ k2
8
ðTP þ TEÞ3

8>: 9>;;

aW ¼ 1

Dr
rP � 1

2
Dr

8>: 9>; k1 þ k2
8
ðTP þ TWÞ3

8>: 9>; ðC15Þ

aN ¼ rP
Dr
Dz

8>: 9>; k1 þ k2
8
ðTP þ TNÞ3

8>: 9>;;

aW ¼ rP
Dr
Dz

8>: 9>; k1 þ k2
8
ðTP þ TSÞ3

8>: 9>; ðC16Þ
aP ¼ aE þ aW þ aN þ aS; DV ¼ rDrDz

Catalytic Pellet Reactor. Since the storage vessel is cylin-
drical, the curvilinear transformation relationship can be
obtained analytically, according to the following balances
j|�1j ¼ r, xx ¼ cos o, xz ¼ 0, yx ¼ sin o, yg ¼ r cos o,yz ¼
0, zz ¼ 0, zg ¼ 0, zz ¼ 1. Accordingly, the vectorial form of
species and energy transport in the pellet, Eqs. 22 and 23, can
be expressed as in C17 and C18.

Table C1. Boundary Conditions and Grid Size of Discretized Domains for the Three Case Studies

L-Dopa Plutonium Tank Catalytic Pellet Reactor

Number of Finite Volumes 179 12 � 10 ¼ 120 10 � 20 ¼ 200
Boundary conditions Impermeable

surfaces dC
dn ¼ 0

On curved surface, top and
bottom surfaces
(a dT

dn)s ¼ hext [Ta�T|s]

Inlet: C ¼ 1.6E-6 mol/cm3

Zero flux in the center dTdr ¼ 0 T ¼ 298.1 K
Outlet: full developed flow; dCdz ¼ 0, dTdz ¼ 0
On curved surface: dCdr ¼ 0;

(ke
dT
dr)R ¼ h[Ta � T|R]

Geometry Unstructured grid Two-dimensional structured
grid cylinder

Two-dimensional structured grid cylinder

Number of state variables 526 168 1300
Number of sensitivity variables 2104 404 3900

u dCA

dz þ v dCA

dr ¼ DAB
d2CA

dz2 þ DAB
1
r
d
dr r dCA

dr

8: 9;þ rArb ðC17Þ

rgCpu
dT
dr þ rgCpv

dT
dz ¼ ke

d2T
dz2 þ ke

1
r
d
dr r dT

dr

8: 9;þ rADH ðC18Þ

Integration of conservation balances for each transport
quantity, CA and T, along the r- and z-directions over each
volume gives the following results.

Z e

w

Z t

s

8>>>:u
dCA

dz
þ v

dCA

dr
� DAB

d2CA

dz2

� DAB
1

r

d

dr
r
dCA

dr

8>: 9>;� rArb

9>>>; drdz ¼ 0 ðC19Þ

Z e

w

Z t

s

8>>>:rgCpu
dT

dr
þ rgCpv

dT

dz
� ke

d2T

dz2

� ke
1

r

d

dr
r
dT

dr

8>: 9>;� rADH

9>>>;drdz ¼ 0 ðC20Þ
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uCArDrje � uCArDrjw þ vCArDzjn � vCArDzjs

� DAB
dCA

dz
rDrje � DAB

dCA

dz
rDrjw

8>: 9>;
� DABr

dCA

dr
Dzjn � DABr

dCA

dr
Dzjs

8>: 9>;
� rArbrDrDz ¼ 0 ðC21Þ

uCjerDr � uCjwrDr þ vCjnrDz� vCjsrDz

� DABr
���
e

CE � CP

dz
Dr � DABr

���
w

CP � CW

dz
Dr

8>: 9>;
� DABr

���
n

CN � CP

dr
Dz� DABr

���
s

CP � CS

dr
Dz

8>: 9>;
� rArbrDrDz ¼ 0 ðC22Þ

Using the convention of Figure B1 and upwinding, the discre-
tized equation of species transport can be written as in (C23).

aPCP�aECE�aWCW�aNCN�aSCS�rArA �DV¼0 (C23)

with coefficients

aE¼DABrjeDr
dzje

þmaxð�ujerDr;0Þ;

aW ¼DABrjwDr
dzjw

þmaxðujwrDr;0Þ ðC24Þ

aN ¼ DABrjnDz
drjn

þmaxð�vjnrDz; 0Þ;

aS ¼ DABrjsDz
drjs

þmaxðvjsrDz; 0Þ ðC25Þ

aP ¼ aE þ aW þ aN þ aS;DV ¼ rDrDZ

The discretized heat-transfer equation in each volume
becomes:

aPTP � aETE � aWTW � aNTN � aSTS � rADH � DV ¼ 0

(C26)

where

aE ¼ kerjeDr
dzje

þmaxð�rCpujerDr; 0Þ;

aW ¼ kerjwDr
dzjw

þmaxðrCpujwrDr; 0Þ ðC27Þ

aN ¼ kerjnDz
drjn

þmaxð�rCpvjnrDz; 0Þ;

aS ¼ krjsDz
drjs

þmaxðrCpvjsrDz; 0Þ ðC28Þ

aP ¼ aE þ aW þ aN þ aS;DV ¼ rDrDz

Boundary conditions and grid size of discretized domains for
the three case studies are given in Table C1.
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